A multi-dimensional virtual characteristic-based scheme (MVCB) by the aid of artificial compressibility is developed for convective fluxes in laminar and turbulent incompressible flows. The proper combinations of compatibility equations are determined to obtain primitive variables on cell interfaces. The Reynolds averaged Navier-Stokes equations joined with Spalart-Allmaras turbulent model are solved by finite volumes. This scheme is applied to the flows between parallel plates, over backward-facing step, and in square lid-driven cavity at a wide range of Reynolds numbers. A FORTRAN 90 code has been written and all the results have come out from this code. Several comparisons confirm the scheme ability in accurate simulation of flows without need to any artificial viscosity in laminar and turbulent regimes.
INTRODUCTION
Attempts for solving the incompressible NavierStokes equations have been made to overcome the defect of velocity-pressure decoupling. Most approaches using primitive variables can be classified into two broad categories, namely the projection and artificial compressibility methods. In the projection methods (either pressure or velocitycorrection), at each time step, a sequence of decoupled elliptic equations for the velocity and pressure are solved. The CFRscheme proposed byHarichandan and Roy (2012) is included in this category. The cell face center velocities are reconstructedexplicitly by solving the momentum equations on fluxreconstruction control volumes defined around the respective cell face centers. This is followedby solution of the cell center pressure field using adiscrete Poisson equation developed from thereconstructed velocities and updating the cell centervelocities by using an explicit scheme.A review of projection methods can be found in Guermond et al. (2006) .
In artificial compressibility methods, the hyperbolic structure of equations is achieved by adding a pseudo-time derivative of the pressure to the continuity equation (Chorin 1997) .
Upwind schemes versus central differencing (or averaging) add inherent artificial viscosity based on the physics of the problem which eliminates the need for any artificial dissipation terms and coefficients. By the aid of artificial compressibility, various kinds of upwind schemes originally designed for compressible flows have been developed to incompressible problems. Rogers and Kwak (1991) developed the flux-difference splitting of Roe in conjunction with the pseudocompressibility to incompressible Navier-Stokes equations. Upwind scheme is derived from onedimensional considerations, and applied to each coordinate direction normal and parallel to cell faces separately. Flux-difference splitting was used to bias the differencing based on the sign of eigenvalues of the convective flux Jacobian. Pappou and Tsangaris (1997) developed Steger and Warming's flux vector splitting upwind method by the aim of artificial compressibility for steady laminar incompressible flows. Convective fluxes normal and parallel to control surfaces were decomposed to positive and negative parts in accordance with the sign of the eigenvalues of the Jacobian matrices. From various upwind discretizations, it was reported that MUSCL thirdorder scheme with Van Albada limiter (to guarantee monotonic behavior in regions with steep pressure gradients) have a better behavior. The scheme being presented by Calhoon and Roach (1997) was utilized interpolating functions for evaluating the control surface fluxes including viscous terms. These functions were derived from direct integration of one-dimensionally linearized forms of momentum equations. Pressure was assumed to be piecewise linear between nodes for integrating procedure. The values achieved from interpolating functions for adjacent cells were different; so the averaged values were applied to gain a conservative procedure. These expressions being dependent to cell Reynolds number, hence, upwind nature of fluxes were obtained. It was claimed without any detail that an artificial compressibility term was applied to time marching procedure. The scheme was applied to lid-driven cavity in the laminar regime.
Above mentioned upwind methods determine only the direction of propagation of information, i.e. upstream or downstream. In characteristic methods the paths of information propagation are determined. The majority of characteristic-based schemes utilize flux splitting in directions perpendicular to cell faces. Boukir et al. (1994) analyzed high order in time splitting characteristics combined with finite element spatial discretization for incompressible Navier-Stokes equations. The characteristic curves were obtained by means of solution to the Cauchy problem with k-th order in time approximated velocity field. Then, weighted values of velocities along characteristics were used to approximate the time derivative for solving the Stokes equation. Drikakis et al. (1994) introduced the characteristicbased (CB) scheme with artificial compressibility for solving laminar flows by Navier-Stokes equations. Locally one-dimensional flow is assumed and compatibility equations were derived from the split Euler equations. The variables on characteristics were computed by an upwind finite difference scheme with third-order interpolation formula based on the sign of local eigenvalues of Jacobian matrix. An upwind-type scheme for crossderivatives was applied. Flows in the cascade of circular airfoils and over backward-facing step were simulated. Zhao and Zhang (2000) developed Drikakis CB scheme in finite-volume framework, along with energy equation for simulation of laminar incompressible flows on the unstructured grids for a variety of benchmarks. Govatsos and Papantonis (2000) developed the CB scheme for steady turbulent flows. In which, standard k-ε model, together with standard wall functions were applied. The turbulence equations are numerically decoupled from the Navier-Stokes equations. The turbulence equations were discretized by an upwind-type scheme of second-order accuracy according to the velocity direction (Hirsch 1988) . The laminar and turbulent flows in square channel with 90-degree bend and in the impeller of a water pump were simulated. Neofytou (2007) revised the CB scheme. To clarify the difference of revised form and original CB, it should be said that Drikakis obtained an algebraic expression with linear combination of split form of governing equations along characteristic paths. Compatibility equations were constructed following the determination of combination coefficients by assuming zero multipliers for spatial derivatives of algebraic expression. Neofytou pointed out that there was a relation between these coefficients that was forgotten in CB scheme and inserting this restriction formed the revised compatibility equations. However, Su et al. (2007) analyzed the formulations of the original CB scheme and proved the consistency with the governing flow equations after that convergence has been achieved. Comparisons of original and revised CB schemes were performed by simulation of flow over circular cylinder at Re = 40. The results of both schemes have identical accuracy and convergence rate, despite the fact that original form is simpler.
The characteristic-based split (CBS) finite element scheme was founded byZienkiewicz and Codina (1995) for compressible and incompressible flows. The characteristic Galerkin convection-diffusion process was applied for a scalar quantity to . Nithiarasu and Liu (2006) applied the CBS scheme to solve turbulent incompressible flows at moderate Reynolds numbers. Boussinesq's hypothesis was applied to Reynolds stresses. Also, Wolfesstain, Spallart-Allmaras, and standard κ-ε models were used for turbulence modeling. The scheme was tested for the channel, backward-facing step, cylinder, and flow in upper human airway. Razavi et al. (2008) proposed an upwind scheme based on multidimensional characteristics (MCB) for laminar incompressible Navier-Stokes equations. Compatibility equations were applied to compute convective fluxes normal to the cells faces. The results of flow in lid-driven cavity were compared with that of CB and averaging schemes. Later, the MCB scheme was developed for bodyfitted grids ) and examined for flow over backward-facing step and cylinder. The MCB scheme demonstrated very good accuracy and convergence.
Here, virtual wave propagation paths are obtained and used to determine the convective fluxes. The major features include grid independence, keeping the conservative nature of multidimensional characteristics, and throwing away the elaboration by means of omitting spatial derivatives. The scheme is applied and tested on laminar and turbulent flows, which shows very good performance regarding the others.
GOVERNING EQUATIONS
Non-dimensional system of Reynolds averaged Navier-Stokes (RANS) equations joined with artificial compressibility, in vector form are expressed as follows, 
where denotes the artificial compressibility parameter, and the mean velocity components, and the mean pressure divided by density. The laminar shear stress and Reynolds stress tensors are derived by Boussinesq's assumption.
shows the turbulent eddy viscosity which is calculated by means of turbulence model. The last row denotes the Spalart-Allmaras equation (SA) having the following specifications; , the modified turbulent viscosity which can be expressed as Blazek (2001) ,
where, shows the kinematic viscosity, and denotes the distance to the nearest wall in computational domain. The constants of Eqs. (2) are introduced in Table 1 .
The scales used for non-dimensional form of RANS and SA model are as follows: * * = U , * * = L , * * = ρ U , 
Reference values are taken to be the mean inlet values, otherwise described individually in some cases. For facility the "**" has been omitted.
Pressure and velocity components of flux vectors of Eq.
(1), F and E, are computed by means of multidimensional virtual characteristic-based (MVCB) method that expressed in section 4. Turbulent variables, ̂ and , at the cell interfaces are computed by averaging. It is obvious that, for laminar case studies, is set to zero and 4th row of equations is omitted. Viscous terms are calculated on the secondary volumes. This procedure is clarified for a generic term by Eq. (4) and 
SPATIAL AND TIME DISCRETIZATIONS
On a structured grid, Eq. (1) can be written in discrete form for cell (i,j) as, 
By defining the vectors, = + + , = + + + , and = + + + , the following relation can be obtained
Hence, one can determine the characteristic surface including , , and with a normal vector = + + . Performing dot product . = 0, yields
There are two possibilities to have nontrivial solutions for Eq. (9), as
Combining Eqs. (9) and (10) and plugging into Eq. (7) results in the first compatibility equation
The second compatibility equation, corresponding to Eq. (11) is obtained similarly as
To derive the expressions for = + + along characteristic lines one can assume a characteristic path , , = 0 on a characteristic surface. The gradient of is parallel to the normal vector of this surface and also, perpendicular to the tangent line in each point on it. Therefore, the following relation holds
Combining Eqs. (10) and (14) results in,
where, denotes the substantial derivative along characteristic lines on surfaces corresponds to Eq. (10) and pseudo-pathline (Zucrow and Hoffman 1977) .
Similarly, substantial derivative corresponding to Eq. (11) can be obtained, 
Eq. (17) contains local and substantial derivatives which make it complicated for using in numerical application. In the next step, it is shown that how the simpler relations can be achieved. By selecting compatibility equations for = 0, , , , and pseudo-pathline, the following equations are obtained after algebraic manipulations. For details see Appendix B. 
The most interesting feature of Eqs. (19) to (21) 
The intersections of characteristic lines with previous time step are found by means of Eqs. (15) and (16), as
Various interpolation methods may be adopted to assign proper data in these intersections. In present work, the first-order interpolation has been used.
NUMERICAL RESULTS
The proposed scheme was applied for flow simulations in a channel, over backward-facing step, and for lid-driven cavity in the laminar and turbulent regimes. Boundary conditions in the channel flow were set at the inlet, = 1, = 0, ̂= 0.1 and P extrapolated from the internal cells. On the side walls, velocity components and ̂ were set to zero, and again P was extrapolated from the inside domain. At the outlet, pressure was set to zero, and velocity components along with ̂ were extrapolated from internal cells. In the backwardfacing step flow, , , ̂ were extracted from channel flow outlet as inlet boundary condition and P was extrapolated from inside. On the walls and outlet, similar procedures to channel flow were applied. In the cavity, velocity components on sliding wall set as, = 1, = 0, and fix walls are treated like channel flow.The parameter β was set to 5 for laminar, and 1 for turbulent flows. Fig.2 illustrates the geometry of channel and backward-facing step and grids. In the backwardfacing step, L1=6H for the laminar flows and for turbulent flows, 4H at Re = 3025 and 5H at Re = 10000, 69610. Also L2=60H for the laminar flows, and for the turbulent equals to 36H at Re = 3025 and 25H at Re = 10000, 69610. In the channel flow, L= L2. The following convergence criteria was used,
To insure grid independence, the simulations for various cell numbers were conducted for different cases. Fig.3 shows the u-velocity profile in the fully developed region of turbulent channel flow at Re=3025 for cell numbers, 2500, 4096, and 6400. Fig.4 compares the convergence histories of the turbulent flow over backward-facing step for MVCB and averaging schemes at Re=3025, 10000, 69610, and 500000. Superiority of the MVCB scheme without any artificial dissipation is obvious in these cases. The MVCB has converged with a rather steep gradient while the averaging scheme fails to converge anymore.
By definition of Reynolds number (based on channel hydraulic diameter), and Fanning friction factor, f = 2τ ρu ⁄ , the theoretical value results in, f = 24 Re ⁄ for laminar regime (Shah and London 1978) . Fig.5 shows the variation of f. Re product versus x/Re (ratio of non-dimensional distance from flow entrance to Reynolds number) for some Re of laminar regime obtained by MVCB scheme. Based on observations, all the curves reached to theoretical value. Also, it was reported that entrance length of channel is about ⁄ = 0.011 (Shah and London 1978) . As it is shown, numerical solution and reported values are in agreement. In the backward-facing step for laminar regime, the results are compared for Re = 73 and Re = 229(based on step height), with experimental data of Denham and Patrick (1974) , and numerical results of Zamzamian and Razavi (2008) . Figs. 6 and 7 compares the u-velocity profiles at various distances from the step, and Figs. 8 and 9 the streamlines for the same Reynolds numbers, respectively. Shear stresses on upper and lower walls are shown in Fig. 10 . Negative shear stresses denote the backflow and it is clear that at fully developed region the same constant values are reached on the walls. The MVCB scheme behaves well in laminar flows.
For turbulent flow, the results are compared with experimental data of Denham et al. (1975) and numerical results of Nithiarasu and Liu (2006) . Fig.11 shows the u-velocity profiles at various stations from step for Re=3025. Fig.12 compares the streamlines of MVCB with the numerical results of Javadi et al. (2008) at Re=69610. The modified turbulent viscosity, , contours at various Reynolds numbers for backward-facing step flow are shown in Fig.13 . As expected, the turbulent effects are dominant at the core of flow and they grow with Reynolds number. The shear stress distributions on the upper and lower walls are presented by Fig.14. As it is seen, the impact of expansion becomes more considerable on the upper wall in turbulent regime. The results confirm adequate accuracy of MVCB scheme in turbulent flow simulations. Fig.15 shows the streamlines for square lid-driven cavity flow at Re = 100, and 1000 (based on moving wall velocity and cavity length), obtained with MVCB scheme and compares them with results of Razavi et al. (2008) . The MVCB scheme was able to reveal flow details in this case. Also, Fig .16 shows the v-velocity profile on the centerline of the cavity parallel with x axis and the u-velocity profile on the centerline of the cavity parallel with y axis which obtained by MVCB scheme and are compared to the first-order scheme of Razavi et al. (2008) and Ghia et al. (1982) benchmark solution. 
CONCLUDING REMARKS
A new scheme (MVCB) for solving laminar and turbulent regimes has been proposed. It is mainly based on the virtual compatibility equations, having conserved multidimensionality. To compute the primitive variables, special combinations of waves are selected such that the spatial derivatives are omitted and straightforward relations are obtained. The distinctive feature of the present method is assuming no directional limitation caused by grid geometry. The majority of past characteristic models are inevitable in using fluxes normal to cell faces. The proposed formulation could be able to produce all the components of velocity field. Several numerical simulations have been conducted for both the laminar and turbulent regimes in a channel, over backward-facing step, and in square lid-driven cavity at a wide range of Reynolds numbers. For turbulence modeling, the SpalartAllmaras equation is applied which acted suitably for the selected case studies. The comparison of the results with well-known experimental and numerical data confirms good accuracy and convergence rate for the laminar and turbulence regimes. Another advantage of the MVCB scheme is its capability of capturing flow details at higher Reynolds number without need to any artificial viscosity. 
